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BAKER & BOTTS, L.L.P. 
30 ROCKEFELLER PLAZA 
NEW YORK, NEW YORK 101 12 



TO ALL WHOM IT MAY CONCERN: 

Be it known that WE, NEMO SEMRET and AUREL LAZAR, citizens 
of Canada and the United States of America, respectively, whose post office addresses are 
45 Tiemann Place, Apt 5C, New York, NY 10027; and 410 Riverside Drive, New York, 
NY 10027, respectively, have invented an improvement in 

SYSTEM AND METHOD FOR ALLOCATING RESOURCES USING SPOT 
MARKET AND DERIVATIVE MARKET TECHNIQUES 

of which the following is a 

SPECIFICATION 

This application is related to copending Patent Cooperation Treaty 
application designating the United States, Serial No. PCT/US99/06384, entitled "System 
and Method for Performing a Progressive Second Price Auction Technique," which was 
filed on March 23, 1999. 

FIELD OF THE INVENTION 
The present invention relates generally to market based allocation of 
limited resources, and more particularly relates to systems and methods for allocating 
modem lines to subscribers based on spot market and derivative market models. 
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BACKGROUND OF THE INVENTION 
A significant problem is created when demand for a finite resource 
outpaces the supply of the resource. When the demand for a resource or product exceeds 
the supply, market auctions can be created in order to properly allocate the limited 
resource or product to the requesting entities. For example, a finite commodity such as 
oil is only produced in limited quantities per month and the oil is auctioned and sold in 
international markets. If only one million barrels of oil are produced in a month, bidders 
can submit bids through the international market and typically the highest bidder will win 
its requested allocation of the oil and will pay the supplier of the oil the price which was 
bid. 

The problem of allocating finite resources also occurs in the electronic 
world. The Internet allows parties to communicate and exchange data over vast 
distances. However, the rate of information flow can be affected by the number of users 
utilizing an Internet Service Provider ("ISP") and users are forced to endure long pauses 
in their network connections. If critical data needs to be transmitted and received almost 
instantaneously over a network, premium bandwidth of an ISP can be reserved for that 
user. While premium bandwidth can be provided by an ISP, the bandwidth is a limited 
resource and many users will desire all or part of the available premium bandwidth. A 
standard auction of the bandwidth would consist of the premium bandwidth being 
allocated to the highest bidder for which the bidder pays the price of the bid. However, 
this type of auction produces inefficiencies for larger numbers of bidders and where the 
bids made and availability of the premium bandwidth change over time. Other allocation 
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mechanisms require exchanging large messages to convey demand information and are 
inappropriate for communication networks due to the heavy signaling load they would 
impose. An improved auction and allocation technique is needed. 

In order to achieve a system of improved allocation of resources, some 
economic principles can be applied. The example of allocating the discrete resource of 
communications lines for access to a data communications network will be used in the 
following discussion. A communication network's value such as the Internet can be 
characterized by what economists call externalities. The principles of externalities are 
that the value a user gets from the network depends upon the valuation and behavior of 
the other users. One recognized principle is that a communication network is more 
valuable to a user if more people are connected to the network. A second recognized 
principle is that as the utilization of the network by one user increases, the quality of 
service obtained by the other users decreases. Resources are shared by users who because 
of distance, population size, or individual selfishness cannot or will not coordinate their 
actions sufficiently to achieve the most desirable allocation of resources. This externality 
principles model indicates that a game theoretic approach in which other bidders actions 
are determinative of allocations and costs to a bidder could be used to improve the 
allocation of resources on a communication network. 

The same type of problem presents itself with the allocation of discrete 
telephone lines which through dial-up servers provide access to the Internet to the vast 
majority of subscribers. Unlike communications bandwidth, which can be dynamically 
subdivided and apportioned, the number of telephone lines is a fixed quantity for a given 
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system and each line can only be allocated to one user for a given time duration of a call. 
The primary business model currently used to allocate these resources is first-come-first- 
served access with a flat- fee monthly pricing plan. Such a system, while simple to 
administer, is not a market efficient allocation method. Users are encouraged to access 
the system at off-peak times, and maintain a connection regardless of current need, in the 
event that access may be required at a later, peak time, when securing access is more 
difficult. This undesirable arbitraging wastes resources which could be used by other 
subscribers. Clearly, a market efficient method of allocating the telephone users among 
competing subscribers is required to prevent this undesirable result. 

The allocation of limited resources in connection with a communications 
network can be performed in both an actual market embodiment, when users are bidding 
real dollars or other items of value, and a private system embodiment, where the bids are 
presented against internal budget allocations in order to obtain limited resources of the 
processing entity. For example, different university departments could bid on time used 
on a special university component with university dollars supplied by the university. 

In emerging multi service networks (ATM, Next-Generation Internet), flat 
pricing as used in the current Internet is not a viable solution to achieving an efficient 
allocation of resources. Thus there is a need to develop a new approach to pricing of 
network resources. The requirements of an efficient pricing system include: 
(1) sensitivity to the range of resource requirements (either through a sufficiently broad 
range of traffic classes which are priced differently or by allowing users to explicitly 
quantify resource requirements); (2) prices should be dynamically responsive to 
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unpredictable demand (market based system); and (3) the pricing architecture should 
constrain as little as possible the efficiency trade-offs. It would be desirable to achieve an 
auction technique which meets the above requirements and provides a more efficient 
allocation of a finite resource. 

SUMMARY OF THE INVENTION 
It is an object of the present invention to provide a method whereby a 
finite resource is efficiently allocated in accordance with market conditions in a manner 
that prevents arbitraging opportunities. 

It is a further object of the present invention to allocate a limited number 
of modem lines among competing subscribers based on spot and derivative market 
4HQdels, such that modem lines can be reserved in a market efficient manner. 

In accordance with the present invention, a method for allocating a finite 
resource among subscribers in a system having a first stage and a second stage, includes 
the steps of queuing arriving subscribers bidding for an allocation of the resource in the 
first stage and determining an available capacity in the second stage. Periodically, at least 
a portion of the arriving subscribers are admitted into the second stage based on 
respective bid amounts and second stage resource availability. The method includes the 
operations of determining a spot price of the resource based on at least one arrival 
subscriber not admitted and offering a reservation, having a reservation fee, for the 
resource to admitted subscribers to secure a future allocation of the resource at a given 
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bid price. Subscribers accepting the reservation fee are admitted as reserved subscribers, 
those rejecting the reservation fee are admitted as non-reserved subscribers. 

In the event that the current spot price exceeds a non-reserved subscriber's 
bid price, the method includes discontinuing the allocation of the resource to that 
subscriber. In the event that the spot price exceeds a reserved subscriber's bid price, the 
method activates the reserved subscriber's reservation and continues the allocation of the 
resource to that subscriber for the extent of the reservation. 

In the above method for allocating a resource among subscribers, the 
reservation fee can be calculated based on the bid price and duration of the reservation 
requested by a subscriber. The reservation fee is generally inversely proportional to the 
bid price and directly proportional to the requested duration of the reservation. This 
provides a fair price that discourages arbitraging of the resource. 

A network access computer server system for controlling a plurality of 
network access lines to provide subscriber access to a computer network is also provided. 
The access computer system includes an access line interface for partitioning the plurality 
of network access lines as first stage lines and second stage lines. A processor is included 
which is operatively coupled to the access line interface. The processor performs the 
tasks required to implement the method described above, including: determining an 
available number of second stage access lines; queuing arriving subscribers bidding for 
network access in the first stage access lines and periodically admitting at least a portion 
of the arriving subscribers into the second stage access lines based on respective bid 
amounts and second stage line availability; determining a spot price of the network access 
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based on at least one arrival subscriber not admitted; determining a reservation fee for 
secured access to the network for the admitted subscribers to secure future network access 
at a given bid price; determining whether a subscriber has accepted the reservation fee 
and controlling the access line interface to operatively couple that subscriber to the 
network via a second stage line as a reserved subscriber; determining whether a 
subscriber has rejected the reservation fee and controlling the access line interface to 
operatively couple that subscriber to the network via a second stage access line as an 
unreserved subscriber; controlling the access line interface to disconnect from the 
network non-reserved subscribers whose bid prices are below the spot price; and 
activating a reservation of reserved subscribers whose bid price is below the spot price, 
and controlling the access line interface to maintain network access for the reserved 
subscriber for a duration of the reservation. The server system also includes a computer 
data storage device, such as a computer hard drive or optical storage system, operatively 
coupled to the processor, for storing a database of subscriber account data. 

BRIEF DESCRIPTION OF THE DRAWING 
Further objects, features and advantages of the invention will become 
apparent from the following detailed description taken in conjunction with the 
accompanying figures showing illustrative embodiments of the invention, in which 

Figure 1 is a block diagram illustrating the modem lines in a two-stage 
network access line allocation system, formed in accordance with the present invention; 
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Figure 2 is a flow chart illustrating a method of allocating computer 
network access lines to subscribers in accordance with the present invention; 

Figure 3 is a flow chart illustrating a method of admitting subscribers into 
a system of a limited resource, in accordance with the present invention; 

Figure 4 is a flow chart illustrating a second stage pricing method, in 
accordance with the present invention; and 

Figure 5 is a block diagram of an exemplary computer communications 
network, in accordance with the present invention. 

Throughout the figures, the same reference numerals and characters, 
unless otherwise stated, are used to denote like features, elements, components or 
portions of the illustrated embodiments. Moreover, while the subject invention will now 
be described in detail with reference to the figures, it is done so in connection with the 
illustrative embodiments. It is intended that changes and modifications can be made to 
the described embodiments without departing from the true scope and spirit of the subject 
invention as defined by the appended claims. 

DETAILED DESCRIPTION OF PREFERRED EMBODIMENTS 
A method of establishing pricing of capacity in a service system in 
accordance with the present invention proceeds along two operational stages. In a first 
stage, subscribers seeking access to the system provide an initial bid for such access. 
This process preferably employs a second price auction technique, as described in 
copending Patent Cooperation Treaty application designating the United States, Serial 
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No. PCT7US99/06384, filed on March 23, 1999 and entitled "SYSTEM AND METHOD 
FOR PERFORMING A PROGRESSIVE SECOND PRICE AUCTION TECHNIQUE", 
which is hereby incorporated by reference. In the second price auction technique, the 
number of available resources (r) are distributed to the r highest bidders. Each of the r 
highest bidders then pay an amount equal to the r+l th bid, which represents the highest 
dropped bid price and is the current market price (spot price) of the resource. The first 
stage process is repeated periodically to admit new subscribers and refresh the market 
price. Once a subscriber is admitted, it is given an opportunity to reserve a block of the 
resource at the current market price by paying a reservation fee. This is referred to as a 
hold option. The price of the hold option, or reservation fee, is calculated based on the 
subscriber's bid price and the duration of the requested reservation. If a subscriber does 
not enter a hold option, that subscriber's allocation of the resource is unreserved. If the 
market price exceeds the unreserved subscriber's bid price, that subscriber is dropped 
from the system in favor of a newly admitted subscriber. However, if the subscriber 
secures a reservation, when the market price exceeds the subscriber's bid price, then the 
reservation is activated and the subscriber can maintain access for at least the duration of 
the reservation. Properly calculated, the hold option ensures an efficient pricing of the 
resource which allocates the resource based on need and reduces the opportunity for 
resource arbitraging. The present systems and methods are particularly well suited for 
allocating modem lines in a dial-up access communications network. 

The present invention will be described in connection with a 
communications system wherein a finite number of communications lines must be 
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allocated to a number of subscribers which may, and in fact is expected to, exceed the 
available number of communications lines. 

Figure 1 is a block diagram illustrating an exemplary system of modem 
lines in a two-stage resource allocation system formed in accordance with the present 
invention. The total resource, i.e., number of communication lines, is partitioned in a 
first stage having a number of lines 102 equal to B and a second stage having a number of 
lines 104 equal to C. Thus, the total resource in this exemplary embodiment is B+C 
lines. Each of the lines is capable of supporting only a single subscriber and generally 
cannot be partitioned. 

Figure 2 is a simplified flow chart illustrating a method of the present 
invention, which will be described in connection with the block diagram of Figure 1. 
Subscribers wishing to obtain an allocation of the resource enter a first stage admission 
auction 200. Referring to Figure 1, up to B subscribers can simultaneously participate in 
the first stage admission auction by entering a bid price for access to a communication 
line. Subscribers at the first stage auction are admitted based on unreserved capacity in 
the second stage and their bid price. Unreserved capacity is equal to the number of lines 
in the second stage (C) less the current number of reserved subscribers currently in the 
second stage (n). Thus, at any time, there are C-n unreserved lines available to m 
subscribers in the first stage. Thus, when second stage capacity is exceeded, m-(C-n) 
subscribers must be dropped from the first stage. In the case of the communications line 
example of Figure 1, unreserved subscriber's are physically disconnected from the system 
(step 202). 
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The above described process is further illustrated in the flow chart of 
Figure 3. Arrivals into the system are placed in a cue, with a maximum capacity of B, 
during a queuing interval T (step 300). Preferably, the queuing interval is on the order of 
one minute, with a degree of randomization around this basic time period. However, 
depending on expected arrival rates and the need to update the spot price, this time period 
can be varied significantly without effecting the operating principle of the present 
method. The unreserved capacity in the second stage is determined based on the second 
stage capacity (C) and the number of reserved subscribers currently in the second stage 
(n) (step 305). If, at the end of queuing interval T, there is sufficient second stage 
capacity to accommodate all arrivals (step 310), then all arrivals are admitted to the 
second stage and the spot price is set to a minimum price (floor value) (step 315). If there 
are more arrivals then second stage capacity, the m arrivals are combined with any 
unreserved subscribers in the second stage, and the subscriber's bids are sorted in 
descending order (step 320). Of these bids, the available second stage capacity is filled 
with the C-w highest bids from step 320 and the remaining subscribers are dropped (step 
325). The spot price is then set to the highest dropped price (step 330). Preferably, the 
price of the resource to those subscribers who are admitted is not their particular bid 
price, but rather it is the price of the highest dropped bid. This is the current market 
price, or spot price, of the resource. The first stage bidding process is repeated at a 
regular average interval, equal to the queuing interval, T. Therefore, the spot market 
price is refreshed at this interval. 
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Once the spot price is determined, either at step 315 or 330, the 
subscribers enter the second stage as unreserved (step 204, Figure 2) with the option to 
enter a reservation request (step 335). If the subscriber declines to enter a reservation, 
that subscriber is admitted as unreserved (step 340). If the subscriber wishes to enter a 
reservation, a reservation bid price and duration are entered by the subscriber and the 
system calculates a reservation fee based on these parameters, as well as current and 
expected future pricing and capacity considerations (step 345). Once the reservation fee 
is calculated, the subscriber is given the choice of accepting or rejecting the reservation 
(step 350). If the reservation is accepted by the subscriber, it is admitted as a reserved 
subscriber (step 355). Otherwise, the subscriber is entered as unreserved (step 340). 

As mentioned above, to secure a reservation, the subscriber pays a 
reservation fee which is determined based on the current spot price and the duration of the 
reservation requested. In general, the reservation fee, or hold option price, is inversely 
proportional to the spot price and is directly proportional to the duration requested. Thus, 
a reservation request for a long duration entered with a low bid price would be higher 
than a short duration request when the bid price is higher. This pricing relationship, the 
calculation of which will be explained in further detail below, ensures that the price of the 
reservation is fair, discourages arbitraging and discourages resource misallocation. 

After requesting a reservation, the subscriber is presented with a 
reservation fee and can accept or deny the reservation. If the subscriber accepts the 
reservation, the subscriber is changed from unreserved status to reserved status 206. 
Subscribers admitted in the second stage pay the current spot price unless this price 

NY02:200709.1 "12- 



A32159-070050.0945 



exceeds their bid price at the time of entry. When the current spot price exceeds the bid 
price at the time of entry, unreserved subscribers are dropped in favor of new subscribers 
entering at the current spot price and reserved subscribers begin using the reserved 
allocation at the reserved bid price. Reserved subscribers can use the resource until they 
choose to terminate the use or the reserved allocation is consumed (reservation expires) 
208. In the latter case, the subscriber becomes an unreserved subscriber and may request 
a new reservation based on the current spot price. 

The second stage pricing mechanism for reserved subscribers is illustrated 
in further detail in Figure 4. As noted in connection with Figures 2 and 3, the spot price 
is refreshed at an interval (t), which may be of fixed or random duration, based on new 
arrivals into the system (step 400). Each reserved subscriber's bid price is then 
compared to the current spot price to determine the cost of the resource to the subscriber 
(step 405). If the spot price is less than the subscriber's bid price, that subscriber pays the 
current spot price for the resource (step 410). However, if the spot price exceeds the 
subscriber's bid price, that subscriber's reservation is activated (step 415). The 
subscriber will continue to pay the bid price for as long as the spot price exceeds their bid 
price and/or the reservation duration has not been fully consumed (step 420). When the 
reservation duration is exceeded, the subscriber reverts to unreserved status and is given a 
new opportunity to bid for continued access (step 425). 

Figure 5 is a block diagram illustrating an overview of the present system. 
In general, the system includes many subscriber computer systems 502 connected to 
communication lines 504, such as conventional telephone lines, coaxial cable and the 
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like. Unlike conventional systems, the present system includes a dial-in server 506 
interposed between the subscriber computer systems 502 and an access server 508, which 
ultimately provides subscriber access to a computer network 510, such as the Internet. 

The subscriber computer systems 502 can take the form of computer 
terminals, personal computer systems, workstations, or other network configurable 
computing devices. The subscriber computer system 502 requires an appropriate network 
interface device, such as a modem and appropriate driver software. The computer system 
502 should also have sufficient memory to load and run a small, memory resident 
algorithm which operates in conjunction with the dial-in server 506 to effect the present 
bidding and reservation methods. The allocation of modem lines is largely performed by 
the dial in server 506. 

The dial-in server 506 can take the form of a high performance personal 
computer, or a computer workstation, such as the Ultra-SPARC2 workstation, 
manufactured by Sun Microsystems, of Palo Alto, California. The dial-in server 506 has 
a processor 514 which is coupled to and controls an access line interface 516 to establish 
the first and second stage modem line allocations illustrated in Figure 1. The dial-in 
server 506 also maintains an account database in a computer data storage device 512, for 
maintaining records of each subscriber, such as access time, price, reservation fee, etc. 
The computer data storage device 512 can take the form of any conventional mass storage 
device, such as magnetic readable medium in the form of a computer disk drive or optical 
media in the form of a compact disk based storage system. The subscriber data stored in 
storage device 512 is stored and accessed in a conventional manner by processor 514. 
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This data is ultimately used to bill the subscriber on a regular basis based on actual access 
time and reservation costs. 

The access server 508 can also take the form of a high performance 
personal computer, or computer workstation, such as the Ultra-SPARC2 workstation or a 
specialized dial-up router server, such as an AS 5300, manufactured by Cisco Systems, 
Incorporated. The access server 508 provides access to the network 510 for subscribers 
502, admitted by the dial-in server 506, in a conventional manner. The network 510 can 
be a dedicated private network, such as a company or campus based intranet, or an open, 
public network, such as the Internet. While the access server 508 and dial-in server 506 
are operationally discrete, the operations of these functional blocks can be performed by a 
single computer system. 

Calculation of the Reservation Fee 

To secure a reservation, a subscriber pays a reservation fee which is 
determined based on the current spot price and the duration of the reservation requested. 
In general, the reservation fee, or hold option price, is inversely proportional to the 
subscriber's bid price and is directly proportional to the duration requested. Thus, a 
reservation request for a long duration entered when the bid price was low would be 
higher than a short duration request when the bid price is higher. This pricing 
relationship ensures that the price of the reservation is fair and discourages arbitraging 
and resource misallocation. 
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The reservation fee gives the subscriber the right to purchase access to the 
system at a future time, for up to a specified duration, at the bid price. Thus, the 
reservation fee can be viewed as an option contract to continuously purchase a duration of 
the resource at a given strike price. Since the reservation is a continuous option, rather 
than a one-time exercisable option, it can be referred to as a new derivative instrument 
called a "hold option " 

As in economic models of derivative instruments, the reservation fee 
should be priced to remove undesirable arbitraging opportunities. In the case of a system 
for allocating modem lines, the pricing methods seek to discourage subscribers from 
connecting at periods of low usage and making reservations at a low price for an 
unreasonably long time period, regardless of need. 

The capacity of a communications system can be modeled using known 
"heavy traffic" modeling techniques in order to estimate the capacity at a future time. To 
model the exemplary communications system, it is assumed that subscribers desiring 
access to the system arrive with a characteristic of a Poisson stream of rate X, with 
indepedent identically distributed ( i.i.d.) bid prices distributed according to a distribution 
F (density /). Call durations are exponentially distributed with mean The block 
diagram of Figure 1 illustrates such an exemplary queuing system. As set forth above, 
such a system can consist of two stages, with buffers of size B, corresponding to the B 
lines 102 and C, corresponding to the C lines 104, respectively. 

In the first stage of processing, a second price auction is conducted where 
the winners enter the second stage, and the losers leave the system. Specifically, the first 
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stage has an exponentially distributed service time t with mean 1///. At a given service 
completion instant, let m be the number of customers in the first stage at that time and n 
the number in the second stage. The m first stage customers are ranked according to their 
bid prices. The (c - n) highest bids are accepted into the second stage, and the remaining 
(m - o n) are dropped. The bid price of the highest dropped bid defines the new spot 
market price, which is valid until the next batch. If no customers are dropped, i.e. 
m < C-n, then the spot market price is set to a minimum, or floor value. 



each customer has an exponential service time (call duration) of mean 1/r. Subscribers 
arrive according to a batch Poisson process, with rate //, and batch sizes distributed 



The second stage is a server queue of size C with no waiting room, where 



according to |P 1 =0. Let p = X/fu,. For 0 <, m < B, 



m 



£ P{m arrivals in r] 
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The steady-state distribution of the occupancy of the second stage queue 



can be shown to be of product form. However, for the purpose of pricing the 
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reservations, a probabilistic model of its transient behavior in the future, given the current 
price is desired. 

A tractable approximation for the queue occupancy process N t , is 
determined by scaling the system following the well-known heavy traffic modeling 
approach which is, applied here to a system with batch arrivals. 

— B B 

Let ct*-^, m * EM = £ mp/n, and v 2 & E(M 2 ) = £ mpm. 

f m=0 m=0 

Consider a sequence of scaled systems, indexed by £ =1,2,..., with capacity 
C m = Ha + Yyfla, where y is arbitrary; and batch arrival rate /^ (/) = tyc. Let 



t 



Nf to 



(3) 



which is the translated and scaled version of the queue occupancy of the £th system. The 
drift and diffusion coefficient respectively are 
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The premise underlying the above expressions is that as °°, Z t (c) =* Z t , 
(where => denotes weak convergence, i.e., the probability distributions converge), where 
Z t is the diffusion process which solves the stochastic differential equation, 
dZ t = a(Z t )dt + o(Z t )dW t , (6) 
where W t is a Brownian motion process. 

Note that for y <°°, the offered load is expressed as 
|a w /(C (c) r) =(1 + y/fla)~ l s 1, which makes it a "heavy traffic" approximation. 

The drift coefficient a(.) and diffusion coefficient o 2 (.) are obtained by 
letting C - oo in equations (4) and (5), respectively. In the prior art heavy traffic models, 
Z t (/) ==► Z t holds if a(.) and o 2 (.) are continuous, which is clearly not the case here, since 
both have jumps at z = y. However, a conditioning heuristic can be used to derive 
approximate steady-state blocking probabilities for the GIGIIslQ (i.e. s servers, no waiting 
room) queue from the diffusion approximation for the corresponding GIGII°q system. For 
exponential service times, it is known that a heuristic is also applicable to the diffusion 
process itself. The present approach is to apply a heuristic to the diffusion process itself, 
conditioning on Z t < y. 

At time /, the queue occupancy is A^ t = «, and a batch of size m arrives. 
The admission decision is made, and a new spot price results. In this section, we derive a 
model which is predictive of the future evolution of this price. 

Of the m new customers, those with the C - n highest bid prices will be 
admitted and the spot price will be the (c - n + l)-th highest bid price. The bid prices are 
i.i.d., with a distribution F 9 which is assumed to be smooth. The probability that the price 
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is x is the probability that in m draws, one draw will have a value equal jc, and of the 
remaining m -1 , C - n will be greater than x, and ((m -X)-C-ri) will be less than or equal 
to x. This can be expressed by the equation: 



" V "'(C- »)![(«- 1) - (C-h)]! 1 



(7) 



0 

(8) 



r« ™ «"- c+ "- 1 (i-«) c -"£ft/, 

Jo fC-wUfm-l-O/rt! k ; ' 



The distribution is 

F (x) & [ x f (y)dy 

n > m Jo n * m 

>o (C-w)!(m-l-C + w)! 

where the last equality comes from substituting the previous expression, and making the 
change of variables u - Fiy), du —f {y)dy. 

From a "first-order" approximation, the expected spot price given the 
occupancy n and the size of the batch arrival m is: 

<p & [~W-F (x)]dx 

njn Jo n > m 

= f~ f 1 g(ti,n 9 m)dudx (9) 

Jo Jfi(x) V 7 

= F~^g(u,n 9 m)du 9 

where 

- m! K^-'a - W ) c -" (io) 

(C-«)!(m- 1-C+h)! 
For the purpose of pricing a reservation beginning at time t> the future 

evolution of the market price can be characterized in terms of what is known at or just 

before namely the occupancy N t . Which can be defined by the process: 
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B 



(ID 

*/./» m=0 '" 

The price is approximated by a sequence of functions of the centered and 
scaled process Z t {/) , 

P {X) {z)*(p(zfo\+a). (12) 
Then, Ito's rule along with equation (4) yields a stochastic differential equation for P: 



dz 



,(02 



2 dz' 



dt + ^—o {t) dW. 
dz ' 



(13) 



Since 



P%) = tl P m ( l F~\u)g«\u,fiLllz + a.(l,m)du, 
w =o m J o 

where is defined as g with 0*> instead of C, it follows that 



(14) 



dz 



(*) = EP m f F { - X \u)^\u,^z^,m)du, 

m=0 m J 0 dZ 



and 



(15) 



J 2 P(g) 
~dz*~ 



00 = E P m f 1 ^''^^^M^W^ (16) 
Equation (13), along with equations (4), (5), (15) and (16), constitutes a 



diffusion model for the spot market price P v as °°. Equation (13) can be approximated 
by dP t = 0 when z < y, and 



E P. 



m=4K 2 



rC 



m 



1 2 2 J V ^ W ' 1 , 



. (17) 
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when 2 = y. ^ is a constant related to the accuracy to which we want to evaluate g, and 
can typically be taken to be 1 . Vm, the constants K { {m \ K 2 {m \ which depend only on the 
bid price distribution F. 

The condition z = y corresponds to N t = C, which indicates that the system 
is full. Thus we have a model where the spot price remains constant when the system is 
below capacity, and varies when the system is full, which properly corresponds to the 
auction mechanism (with the constant minimum price ,when it is not full). Note that this 
model does not consider the transitions between the two regimes, so this model is 
meaningful only during periods when the system is almost always full. 

Taking the current market price P t as an initial condition, the solution of 
equation (17) provides a stochastic model of the future prices {P x } x a t . From that, the 
price of a reservation, arriving at time f , with a holding time T 9 and a bid price p can be 
determined. The value, or "fair price", at time t of an option to buy a security for a 
"strike price"/? at a specific future date t * * is, taking the "risk-free interest rate" to be 0, 
is stated as: 

Zr*WP^ p )\ (18) 
This is generally referred to as a European option, as opposed to an American option, 

which is the right to buy at any time between t and t. In the present context, this concept 

must be extended by defining the reservation as a hold option, a new kind of derivative 

instrument, which is an option to buy repeatedly at every time instant from t to t + T. 

Thus, the reservation fee is: 
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Q,Tj>)k f» T <sdr (19) 
If K x = K 2 = 0, Ct is given explicitly by the Black-Scholes formula. 
A more general form of equation (17), can be expressed as: 

dPx = (APx + KJdt + (DPx + KJdW ( , (20) 
for Tit, with known initial condition P t , the solution is 



Px=Sx 
where 

St & exp 



K-DK. . K 



P+ [ T \ 4 du + r~±dW (21) 
* it S it S u 

u u 



(A-D 2 /2)(x-t) + p t DdW u . (22) 
With the set of distributions P ±^P(P r<>x\P^\/x\r>t^ C t canbe 
evaluated for the case of x > t, and then the reservation fee (J) can be determined. 

The above described derivation describes a theoretical model of the 
reservation fee calculation. From these equations, a numerical approach can be 
implemented to calculate the appropriate reservation fee for a given spot price and 
duration. Appendix A is a computer listing of a program, written in a Java script 
programming language, which calculates the reservation fee using a numerical, Monte 
Carlo analysis approach. 

The present systems and methods provide a solution for providing access 
to a system of finite resources in the face of excess demand. Subscribers are first 
admitted based on an initial bid price and are then given the option to secure continued 
access to the resource based on a fee-based reservation. The fee for the reservation is 
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determined in a manner which is fair to the reserving subscriber, as well as all other 
subscribers, in that the reservation fee is priced to provide access at a cost which prevents 
arbitraging opportunities. 

In a communications system, a dial-in server is interposed between 
subscriber terminals and an access server to effect the allocation of network access lines 
to subscribers desiring network access. The dial-in server periodically conducts a first 
stage, second price auction to selectively admit new subscribers into the system. Upon 
entry, the subscribers are provided with an option to secure a reservation for an allocation 
of access time. Based on the current spot price of the network access and the requested 
access duration, the dial-in server calculates a reservation fee for consideration by the 
subscriber computer. The subscriber can accept or reject the reservation and get admitted 
into the network by the dial-in server as either an unreserved or reserved subscriber, 
respectively. The dial-in server can disconnect unreserved subscriber computer systems 
from the network in the event that the spot price exceeds the bid price of the unreserved 
subscriber. 

Although the present invention has been described in connection with 
specific exemplary embodiments, it should be understood that various changes, 
substitutions and alterations can be made to the disclosed embodiments without departing 
from the spirit and scope of the invention as set forth in the appended claims. 
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